It is well known that for AeMdC), the kx/.: complex matrices,
where p (A) is the spectral radius of A and II . II is any vector-norm-induced matrix norm. However, if A is a principal submatrix of A, it is not in general the case that
nor is it the case that p (A) ~ II A II .
EXAMPLE 1: Let II· II '" be the infinity vector norm on C~, II x II '" ==. max {I xII, IX21} and define II x 11 s == II SX II 00 where S= G ~). Also, the spectral radius enjoys the property that
whereas not all matrix norms II . II satisfy
For example, the Euclidean matrix norm II A II = (~Iaij 12) 1/2 fails condition (5). However, the matrix norms induced by the /I-norms
on 'vectors do satisfy (3) and (5). I t i~ the goal of this note to point (lut general characteristics of classes of induced matrix norms which insure the validity of (3) or (5).
By a vector norm we mean a map 11·11' C"~ R, the real numbers, which satisfies for all x, yeC'; 
(7)
(8)
(ll ) (12)
Finally, because of the homogeneity (8) it is clear that a vector norm II . II is precisely determined by its unit ball
which is well known to be a convex, compact set oontaining the origin.
Since we compare the norm of a matrix to norms of principal submatrices, we need to consider classes of norms defined for all orders less than or equal to a given order. Let n = {n ... k= 1, . . . , m : nk is a vector norm on Ck} (16) and if XEC''', k .. m, we abbreviate ndx) by n (x). Also let N, . . be the matrix norm which n" induces on M d C) via (14) 
In this case II (0, 1) I I T = 2 :{ 1 = II (1, 1) I I T, and II . II T is not monotone. Visually, the projection of (1,1) from the boundary of B I I . I I T onto the yaxis leaves B I I ·11 T'
Our first main result concerns norms of.principal submatrices.
THEOREM 1: lfn is consistent and A denotes any principal submatrix, we have:
for all AeMdC), 2 ~ k ~ m, if and only if n is monotonic. PROOF: First of all, suppose n is consistent and monotonic. Because of the consistency it suffices to suppose A = At, that principal submatrix determined by deleting the first row and column of A. (The argument for any other case would be entirely analogous.) We then have
which completes the first portion of the proof.
100
by (14) by (18) by (20) by (13) by (20) Conversely, suppose that n is consistent and that N (A) :,;,; N (A ) for all A EM k (C) , 2 :,;,; k :,;,; m. This implies that PROOF: Suppose XECIII . and YECIII 2 satisfy n( x) = n(y) = 1 and n(A x) = a, The n tx $ (l -t)YECIII and (A $ B) (tx + (1 -t)y) = tAx EB (l -t) B y so that
n(By) = {3. (27) since n is strongly consistent. Since n is monotone, it follows from remark 2 that, for ° : , ; , ; t :,;,; 1, the maximum attained by th e right·hand side of (27) is the greater of a and {3 (when either t = 1 or t = 0). We may thus conclude that
is attained when z is of the form either 
l :S; j:S= 1
